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Quantum Gates:

Hadamard
Pauli-X
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Pauli-Z
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Quantum Gate sets

e Clifford Gate Set Universal Gate Set
It 1
« Hadamard gate . Hadamard gate
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| w) p =yl :(pure state) yalla Gulla

p1:ly) :(mixed state) b glas Gulla

, P = DPq ‘W1><Wl‘ +Pz‘l//2><'//2|
P2 - ‘l//2>
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p = Zpl | l/jl><l//l‘ tr(p) = ZPZ — | tr(pz) <1 i od state Eigenvalues of p ?
l l
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Entangled states

Some Terminologies

(Hilbert space) o ,ulia slas
(Liouville space or Hilbert-Schmidt space) cusdl-cmlia slad b Jagsl gland
p=ppy + (1 —p)ps (Convex mixture) case Lelas

(Pure states) salla sl
(Mixed states) Lylas slgilla

(Entangled states) sauiion s ¢
convex set <— (Separable states) .4, SS& ¢
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state space is the tensor product H 4 & Hp of Hilbert spaces

p? =Trpp

1 1
v) =Z(100) +]11)) p =7 (100001 + 100){11 T+ [11){00] + [ 11)(TT])

1 1 /2 0
pt = Trpp = (0lpp10)p +(Llgp | 1)g = 10001 + 1 1)(1] = ( 0 1/2)
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S = — Z P;log, P; (Shannon Entropy)
| roxiles (ool e

S =— kBZ P;In P, (Boltzman Entropy)

s (98 sl e
S = —Tr(plog, p) (von Neumann Entropy)



(Shannon Entropy) sl syl

1 PMA)=1/2 0

2 P@=1/4 10
3 P@)=1/8 110
4  P@)=1/8 111

%.1+%.2+%-3+%-3 = 7/4 bits

S=— ) P/log,P;=—1/2log(1/2) — 1/41log(1/4) — 1/8log(1/8) — 1/8log(1/8) = 7/4
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¢ What is the Entropy of Entanglement?

The entropy of entanglement is a way of quantifying how entangled a pure bipartite quantum state is.

Suppose we have a bipartite pure state shared between subsystems A and B:

|'¢> cEHsQ HEB

1. Compute the reduced density matrix of one subsystem (say A):

pa = Trp(|v)(¥])

2. The entropy of entanglement is defined as the von Neumann entropy of this reduced density

matrix:

E(|4)) = S(pa) = ~Tr(palog; pa)

Because the global state is pure, the entropy of subsystem A equals that of B.
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¢ Example 1: A Bell State ¢ Example 2: A Partially Entangled State
Take the maximally entangled Bell state: ) = V0.9 100) + V0.1 111)
‘qﬁ) — \;_ (‘00) 4 |11>) * Reduced density matrix of A:
2
pa = 0.9/0)(0| + 0.1[1)(1]
* Full density matrix: * Entropy:
p=|®" ) (D" E(|y)) = —(0.91og, 0.9 + 0.11og, 0.1) =~ 0.469 bits
» Reduced density matrix for subsystem A: So, less than 1 — the entanglement is not maximal.
1 1 1
—— T = - O 0 — 1 1 — —I
pa = Trp(p) = 510)(0] + 5[1)(1] =

* This is a maximally mixed state.

* Entropy:

E(18")) = —(}logy § + }logy ) =1

The entropy of entanglement is 1 bit — maximal for two qubits.



Partial Matrix Transposition and Time Reversal

| D)5 = 1/4/2(|00) +[11))

1 00 1
_ _ _Itoooo
pag = | @YD | =1/2(]00)¢00| + [00)(11]+ [11){00] + | 11)(11]|) ==
20 00O i =1,0,0,0
1 0 O 1 1,2,3,4 — *» Yo Vo
1 000
110 0 1 0
(IA®T),0AB=\CI))(CI)\:1/2(\01)(01\+\Ol)(lOl+\10)(01\+|10)(10|):5 010 0
0 0 0 1
(10 0 1y (1 0 0 0)
1/0 0 0 Of 1{0 0 1 O 1 1 1 1
(IA®T)(|(D><(D|) o (IA@T)E 00 0 0 _E 0 1 0 0 /11,2,3,4:59 59 Ea _5
(1 0 0 1) {0 0O O 1/



Entanglement Witness (EW)

Tr(W psep) = 0 for all separable states pgep,. (@)
Tr(Wpent) < 0 for at least one entangled state pept.

¥v7) = 5(/01) = [10))  p=[yY ) (¢
W= 11— [y ) (|
(P |Wly™) =3-1=-3<0

Tr(Wp) =5 —1=—3 <0



(Quantum Teleportation) syl (g 5 590

V) —— B A ’ 2) = [100) (al0) + 11)) + [01) (a1) + 5/0))
{ S A== +110) (af0) — BI1)) +[11) (a]1) — 5[0))
Boo)
X Mo ‘_ 7 M ‘7 )
T T T T T
Yo)  |¥1) [2)  [43) Y4)
00 —> [43(00)) = |]0) + 3]1)
W) = al0)+b|1) |ﬁoo>=%<|oo> 1)) 01— [5(0D) = [al1) + 510)]
! 10— [¢5(10)) = [[0) — B1)
v0) = [)|Boo) = —= @]0)([00) + [11)) + B]1)(|00) + [11))] | :
1 V2 11— [g5(11)) = [af1) — 4l0)] .
1) = > |a]0)(00) + [11)) + B[1)(|10) +[01))
a) = [a(l0) + [1))X]00) + [11)) + 5(10) — [1))(]10) +[01))

Nielsen, M. A., & Chuang, I. L. (2010). Quantum computation and quantum information. Cambridge university press.
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(Poincare sphere) o)lsa) g3 04

The right-elliptical polarization points
are located in northern hemisphere

Theradiusis determined by S,

ASB

-
//,
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n

The ellipticity (tan¢) defines the length ratio of half-axes

>

The equatorrepresents
various forms of linear polarization

Ey

The azimuth defines the orientation of the main axis
with respect to E,

! \ 52 The polesrepresentright-

and left-circular polarizations



Quantum Key Distribution (QKD)
BB84 protocol: Charles H. Bennett and Gilles Brassard (1984)

Alice's random
bit
Alice's random
sending basis

Photon
polarization Alice 1 o e 1 N\ / / —

Basis 0 1 sends

Bob's random N
-+ T - | measuring basis

Photon
X 7\ polarization Bob 1 / Ny / — / - -

measures

PUBLIC
DISCUSSION OF
BASIS

Shared secret
key



= POTENTIAL APPLICATIONS OF
E QUANTUM COMPUTERS

QUANTUM SIMULATION
MACHINE LEARNING
AND A.L .
: | CYBERSECURITY

WANT TO SIMULATE LARGE
QUANTUM SYSTEMS O~
A QUANTUM COMPUTER

CHEMICAL REACTIONS

CLIMATE A &
CHANGE 0 %—’ C%%
WEATHER MATERIAL PROPERTIES
FORECASTING 290 200

SIMULATING AS FEW AS

30 PARTICLES ON A BETTER CATALYST FOR

SUPERCOMPUTER IS FERTILIZER PRODUCTION FeMoco

DIFFICULT CATALYST
IMPROVING BATTERIES CURRENTLY
2% OF GLOBAL
MATERIALS FOR
DRUG DEVELOPMENT AEROSPACE NEW CHEMICALS
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1- IBM ——> QASM, Qiskit platforms
2- Google — —> Tensorflow Quantum (TFQ), Cirq
3- ETH Zurich — —> ProjectQ
IBM Q System One (Fraunhofer)
4- Perceval (France) — —> photonic quantum computer
5- Microsoft ——> Q#
6- Xanadu (Toronto) — —> Strawberry Field platform — —> Pennylane

7- NASA Google ——> D-wave Quantum Annealer



IBM Quantum Computer
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For the D-Wave system, the Hamiltonian may be represented as

D-Wave

Hising — A(s) Z 6‘5:) I B(S) Z h:6 A(l) + 2 JlJ 6.(1) (l)

& i i>]
e e Syst
Initial Hamiltonian Final Hamiltonian S e m
where ¢ A( ) , are Pauli matrices operating on a qubit g;, and &; and J; ; are the qubit biases and

coupling strengths.m

Thermal Jump

Quantum
Tunneling

Cost

s | | Configuration

Fig. 8 Annealing functions A(s), B(s). Annealing begins at s = 0 with A(s) > B(s) and ends
ats = 1 with A(s) << B(s). Data shown are representative of D-Wave 2X systems.



https://quantum-computing.ibm.com/



https://learn.qiskit.org/course/machine-learning/introduction



